The one-phase reduction of the Stefan problem, where the phase change temperature is a variable, is analysed. It is shown that problems encountered in previous analyses may be traced back to an incorrectly formulated Stefan condition. Energy conserving reductions for Cartesian, cylindrically and spherically symmetric problems are presented and compared with solutions to the two-phase problem.
phase problem is usually well-defined. However, when the phase change 23 temperature is variable then difficulties arise (for example, energy may not 24 be conserved) [6, 13, 19] . The issue with the one-phase formulation has been 25 investigated by looking at asymptotic limits of low thermal conductivity in 26 the solid (compared to that in the liquid) [6] and large conductivity in the 27 solid [13] .
28
In this paper we will demonstrate that problems with the one-phase reduc- heat ratio c = c s /c l ≈ 0.5 then it is clear that this assumption can lead to 36 significant errors. Consequently in the following we will work with different 37 (constant) values in each phase. The density also varies, usually to a lesser 38 extent than conductivity and specific heat [1] . If we include density change 39 in our analysis then the governing equations become more complex, with 40 the addition of advection and kinetic energy, see [9] . Consequently, to keep 41 down the number of terms in the equations and so simplify the arguments we 42 will focus on the situation where the density, ρ, is constant throughout the 43 process. However, the arguments may be easily adapted to include it using 44 the equations described in [9] . 2. Governing equations for phase change 46 We will now derive the Stefan condition and heat equations for a one-dimensional Cartesian problem via an energy balance. For simplicity we 48 examine the case of fixed density and so avoid the velocity terms caused by 49 the shrinkage or expansion of the material.
50
The governing equations for the Stefan problem may be obtained from 51 the energy conservation equation
where ρ is the density, I * the internal energy and the conductive heat flux 53 q * = −k∇T * . This simply states that internal energy varies with time due 54 to heat movement through the boundary. The star superscript indicates 55 dimensional variables. The internal energy/unit mass is
where subscripts s, l denote solid and liquid, θ * , T * denote the respective 57
temperatures. The heat equations may be obtained from the energy balance 58 by simply substituting for I * and q * in (1)
Noting that all thermal properties and T * m are constant within each phase 60 leads to the familiar form
The Stefan condition may also be obtained from the conservation equation
62
(1) via the Rankine-Hugoniot condition
where n is the unit normal (in this case it is simplyx) and f, g are functions evaluated on either side of the discontinuity, x * = s * (t * ). For the case where a fluid initially occupying x * ≥ 0 is solidified from the boundary x * = 0 we take the + superscript to indicate fluid, x * > s * , and − to indicate solid, x * < s * . Comparing the energy balance (1) to the Rankine-Hugoniot condition shows f = ρI * , g = q * , and the Stefan condition follows from the second of equations (6) 
where the phase change front is now located at r * = R * and temperatures 66 depend on r * , t * .
67
3. Stefan problem with melting point depression
68
The standard two-phase, one-dimensional Cartesian Stefan problem with melting point depression is typically specified by heat equations in the solid and liquid phases and the following Stefan condition
where T * I (t) is the interface temperature, see [1, 4, 6, 7, 20 Thomson relation is typically used [7, 8] .
74
In order to follow previous asymptotic reductions we will now formulate 75 the non-dimensional version of the problem via the following scales,
where ∆T * is a temperature scale and τ the time-scale. In the Stefan prob-77 lem without melting point depression the length-scale L may be unknown.
78
With melting point depression L may be specified according to the equation 
The Stefan condition becomes
where
82
These equations are often simplified via a one-phase approximation. Say, for example we neglect the solid phase, then we only need to solve the heat equation in the liquid while the Stefan condition becomes
The most familiar form of Stefan condition may be obtained by neglecting In [6] it is stated that the supercooled Stefan problem using (14) with
105
T I = 0 does not conserve energy. To understand this statement consider the 106 total heat in the system
(note, we have chosen T * m as the reference temperature where E = 0). The 108 rate of change of energy is
Replacing the time derivatives via the heat equations and integrating gives
where we have assumed T x → 0 as x → ∞. The standard Stefan condition 111 T x | x=s = −βs t may be obtained by setting c = 1, θ(x, t) = T I (t) in (13). At so the limit k ≫ 1 was investigated, we shall discuss both cases below. The limit of small k was considered in [2, 6, 19] . In non-dimensional form the analysis of [6] simply incorporates a boundary layer in the solid, of thickness O(k), which allows the solid temperature to change between T I (t) at x = s(t) to the initial temperature θ(x, 0) in the far-field which, for simplicity, is set to 0. Their analysis leads to the modified Stefan condition 
Limit of large conductivity ratio, k ≫ 1

143
Noting that physically k s > k l it makes more sense to look for a large 144 k reduction. Unlike the k → 0 limit, when k → ∞ the solid reacts almost 145 instantaneously to the boundary temperature and so θ(x, t) ≈ T I (t).
146
Now consider the problem where k ≫ 1 with boundary conditions on the solid θ(s, t) = T I (t), kθ x (0, t) = −Q. Note, previously we ignored any heat input at the boundary x = 0 since the solid was deemed an infinitely poor conductor. In fact previous comparisons between one-phase and two-phase approximations have often been made by imposing θ x = 0 at the boundary, see [4, 13] . Now for generality we allow a non-zero heat flux. If we assume 1/k ≪ 1 and look for a perturbation solution in terms of the small parameter 1/k then to first order the solid temperature is
Using this to determine θ x (s, t) in the Stefan condition (13) leads to
in the case where k is large. The version correct to leading order in 1/k 148 has θ(x, t) = T I (t) and the first two terms of equation (22) 
171
In non-dimensional form equation (7) may be written
This equation should be used as the starting point for any one-phase reduction. For example, to retrieve the poor solid conductor model, k ≪ 1, with initial temperature θ 0 , we may impose θ(x, t) = θ 0 and so θ(s, t) = θ 0 , θ x = 0. Substituting these values together with T (s, t) = T I (t) into equation (24) gives
If we choose θ 0 = 0 then equation (20) is retrieved (without the need for an 172 asymptotic analysis).
173
In the limit of large k the solid is a good conductor and so the interface temperature is immediately transmitted through the material, hence θ(x, t) = T I (t) and again θ x = 0. Equation (24) now reduces to
These constitute the final two terms on the left hand side of equation (22),
174
which are the leading order terms in the large k expansion. The first two 175 terms of equation (22) arise as a correction for finite k and come from the 176 fact that for finite k the temperature gradient θ x (s, t) = 0.
177
Note, the popular form specified by equation (13) is assigned a constant value not equal to T I will be inconsistent and this 184 manifests itself in the fact the energy balance is not satisfied. where a fixed temperature is imposed at the outer boundary T (1, t) = 1. The 194 appropriate nondimensional forms of (12) are
where the solid occupies r ∈ [0, R(t)] and the liquid r ∈ [R(t), 1]. The length-scale has been chosen as the initial radius, R 0 , and the temperature scale ∆T = T H − T * m where T H is the temperature imposed at the surface. The spherically symmetric model corresponds to n = 2, cylindrical to n = 1 and n = 0 gives us a one-dimensional Cartesian model. The appropriate non-dimensional form for the Stefan condition (24) is
Following the arguments of §5 we may immediately write down the one For infinite k, θ(x, t) = θ(R, t) = T (R, t) = T I and the radial version of (14) 201 is obtained. The correction for large but finite k requires solving the solid 202 heat equation in (27), subject to θ(R, t) = T I (t), θ r (0, t) = 0. This leads to
Then the Stefan condition, correct to O(k −1 ), is
Using the definition of total energy
it is a simple matter to show that the above formulae all conserve energy. formulation (corresponding to the infinite k limit) was more accurate than 209 the small k solution and the large but finite k result was very accurate.
210
With data appropriate for a water-ice system, k ≈ 4, the same trend was tion is used energy conserving forms may be written down immediately.
252
Asymptotic expansions may subsequently be used to improve accuracy.
253
In the case of melting a semi-infinite solid, in a Cartesian frame, the 254 appropriate two-phase Stefan condition is given by equation (24) 
